Abstract-Hierarchical mixed-order tangential vector finite elements (TVFEs) for tetrahedra are attractive for accurate and efficient finite element or hybrid finite element/boundary integral (FE/BI) simulation of complicated electromagnetic problems. They provide versatility in the geometrical modeling of physical structures, guarantee solutions free of spurious modes, and allow a local increase of resolution by combination of mixed-order TVFEs of different orders within a computational domain. Regions with higher order mixed-order TVFEs can be selected a priori or be found adaptively via methods for a posteriori error estimation or indication. This paper demonstrates the merits of various explicit residual methods for a posteriori error indication via adaptive refinement of FE/BI solutions of electromagnetic radiation problems using hierarchical mixed-order TVFEs for tetrahedra.
I. INTRODUCTION
N ODE-BASED expansions for finite-element (FE) based solutions are suitable for modeling scalar quantities but typically not so for simulating vector electromagnetic fields. Tangential vector finite elements (TVFEs) whose degrees of freedom are associated with element edges, faces, and cells have been shown to be free of the shortcomings of node-based expansions [1] . A TVFE is referred to as polynomial-complete to a given order, say , if all possible polynomial variations up to and including order are captured within the element and on the element boundary. Nédélec pointed out [2] , [3] that it is not necessarily advantageous to employ polynomial-complete TVFEs when applying an FE-based method. For representation of electromagnetic fields, it suffices to employ TVFEs that are complete only in the range space of the curl operator, i.e., the space of fields having nonzero curl. Since such a TVFE captures polynomial variations of order interior to the element and polynomial variations of order for the tangential component along element edges, we call it complete to order and refer to it as a mixed-order TVFE. This syntax was first adopted by Webb and Forghani [4] . A class of TVFEs is referred to as hierarchical if the vector basis functions forming the TVFE of a given order are a subset of the vector basis functions forming the TVFEs of higher orders. This desirable property allows for selective field expansion, i.e., combination of lowest and higher order mixed-order TVFEs within a computational domain for effective expansion of the unknown field. Regions with higher order TVFEs can be selected a priori or be found adaptively via methods for a posteriori error estimation or indication.
Numerous methods for a posteriori error estimation or indication have been studied extensively in mathematics and engineering for decades and a vast amount of literature exists on the subject. For reviews of the various methods, see, for instance [5] - [10] . Following the approximate solution of a partial differential equation using a lowest order FE or hybrid finite element/boundary integral (FE/BI) approach, each method seeks to identify local regions with large error for subsequent adaptive refinement of the mesh (h-refinement), basis functions (p-refinement) or mesh and basis functions simultaneously (hp-refinement) leading to an improved FE or FE/BI solution. This process is repeated until a desired accuracy is deemed to be reached. The identification of local regions can be performed by estimating the actual local error (error estimation) or by determining a local quantity that indicates whether the local error is small or large without estimating the actual local error (error indication). The local error estimation or indication can be carried out on an element by element basis or clusters of elements can be grouped together in subdomains whereby the local error estimation or indication can be carried out on a subdomain-by-subdomain basis. Methods for which the error estimator or indicator can be computed directly from the initial solution are referred to as explicit methods whereas methods for which computation of the error estimator or indicator requires the solution of a local boundary value problem are referred to as implicit methods.
The various methods for a posteriori error estimation or indication can be grouped in several different ways and hence a unique classification of these is not possible. The one presented here closely follows that of [10] . Implicit residual methods are based on the solution of a local Dirichlet or Neumann boundary value problem constructed from the lowest order FE solution [11] , [12] . Explicit residual methods are based on local error estimation or indication by computation of a residual directly from the lowest order FE solution [13] - [19] . Among these, explicit complete residual methods take into account both local interior and boundary effects, explicit incomplete residual methods take into account only local interior effects and explicit interface residual methods take into account only local boundary effects. Recovery/gradient/average/smoothing methods are based on local comparison of the gradient of the 0018-926X/01$10.00 © 2001 IEEE original lowest order FE solution to a smooth version of this gradient [20] . Dual/complementary/variational/mixed/hybrid methods are based on local comparison of solutions of two dual/complementary problems [6] , [14] , [21] . Perturbation methods are based on the estimation of local errors from differences between FE solutions of different orders [22] , [23] . Interpolation and extrapolation methods are based on interpolation and extrapolation theory to compute approximations to higher order derivatives [24] , [25] . For comparisons of the different methods, see for instance [6] , [21] , [26] - [30] . We note that the above classification is not complete. In addition to the main classes of methods presented above, other methods have been presented [10] .
Hierarchical mixed-order TVFEs for tetrahedral elements have been proposed up to and including order 1.5 by Webb and Forghani [4] and up to and including order 2.5 by Andersen and Volakis [31] . More recently, hierarchical mixed-order TVFEs for triangular and tetrahedral elements have been proposed by Webb [32] . The hierarchical mixed-order TVFE of order 1.5 proposed by Webb and Forghani was tested [12] for adaptive refinement using an implicit residual method. The purpose of this paper is to investigate the merits of various explicit residual methods for a posteriori error indication. This is done via adaptive p-refinement of hybrid FE/BI solutions using the hierarchical mixed-order TVFEs of order 0.5 and 1.5 for tetrahedral elements proposed by Andersen and Volakis. We restrict ourselves to an adaptive -refinement approach in this paper and refer to [10] , [33] - [35] or additional references in [10] for adaptive h-or hp-refinement approaches. For practical antenna radiation problems, field expansion using the hierarchical mixed-order TVFEs of order 0.5 and 1.5 adaptively is shown to be a very promising approach. For brevity, the hierarchical mixed-order TVFEs of order 0.5 and 1.5 for tetrahedral elements proposed by Andersen and Volakis are referred to as TVFE and TVFE , respectively, in the remainder of this paper.
This paper is organized as follows. Section II presents the different methods for a posteriori error indication to be examined in this paper. Section III presents a series of numerical results demonstrating the merits of the different methods for a posteriori error indication. Section IV concludes the paper.
II. ADAPTIVE REFINEMENT STRATEGIES
In this paper, a conceptually simple adaptive refinement strategy is adopted. Following a FE/BI analysis with TVFE applied for field expansion, we determine the degree of error in each element via an error indicator and compute a refined solution where a certain prespecified percentage of the elements having the highest degree of error are modeled with TVFE and the remaining elements are again modeled with TVFE .
A more advanced refinement strategy would estimate the optimal percentage of refinement for the improved solution, use TVFEs of more orders for refinement and incorporate a feedback loop leading to multiple error indications and refined solutions. However, given the lack of previous applications of adaptive refinement for practical electromagnetic problems, the simple adaptive refinement strategy described above was deemed sufficient in this paper.
Consider a general three-dimensional (3-D) electromagnetic problem with the computational domain discretized into tetrahedral elements denoted by , each having four faces denoted by . The center of and is denoted by and , respectively, and the unit normal vector to directed out of the element is denoted by . The lowest order FE/BI solution leads to approximations of the electric field intensity and the electric flux density within and on the boundary of each element . On the face , we let denote the value of evaluated in and let denote the value of evaluated in the element bounding . Based on these, we present three different methods for indicating the error in a given region of the computational domain. For each method, we give the error indicator corresponding to an element. The corresponding error indicator for a subdomain is simply the maximum of the error indicators for the elements comprising the subdomain.
The magnitude of the electric flux density generally does not correlate with the error associated with the electric flux density. Nevertheless, regions with high flux densities often give the dominant contributions to the physical response of a given electromagnetic eigenvalue, radiation or scattering problem. This justifies accurate modeling of such regions and thereby use of the simple error indicator (1) Although we are strictly not computing a residual, we will refer to this method as an explicit incomplete residual method.
The trivial 3-D extension of the two-dimensional (2-D) error indicator applied by Wang and Webb [19] for adaptive refinement in surface method of moments (MoM) problems is the error indicator (2) This method is an explicit interface residual method.
A slightly different and computationally more expensive error indicator initially proposed by Golias and Tsiboukis [15] , [29] is the error indicator
This method is also an explicit interface residual method.
III. NUMERICAL RESULTS
In this section, the merits of the error indicators presented in the previous section are investigated for determining input impedances of metallic patch antennas backed by material-filled cavities recessed in infinite metallic ground planes. We apply a standard FE/BI formulation with mixed-order TVFEs of different orders used for FE volume modeling and a rigorous boundary integral (BI) used for truncating the mesh [36] . 
A. Square Patch Antenna
Consider a square metallic patch antenna backed by a rectangular cavity recessed in an infinite metallic ground plane, as illustrated in Fig. 1 . The cavity-backed patch antenna is situated in free-space characterized by the permittivity and the permeability . The cavity is of dimensions 1.85 cm 1.85 cm 0.15 cm and is filled with a dielectric material of permittivity and conductivity 0.0003 S/cm. The patch has the side length 0.925 cm and is centered within the aperture. It is fed by a vertical coaxial line whose outer conductor is attached to the ground plane whereas the inner conductor is attached to the patch at the mid point of an edge. The coaxial feed is modeled as a vertical probe of constant current.
We discretize the BI surface and the patch into square cells and then break each of these into two triangles. The resulting surface mesh is extruded into the cavity to form a prism layer and each prism is subsequently broken into three tetrahedra. Four different TVFE options are applied for FE/BI analysis: 1) TVFE throughout the cavity; 2) TVFE throughout the cavity; 3) TVFE in conjunction with TVFE in the vicinity of the radiating edges of the patch (38% of the TVFEs are of order 1.5); and 4) TVFE in conjunction with TVFE in regions found adaptively (40% of the TVFEs are of order 1.5) . The adaptive refinement is carried out for each of the error indicators , , and given by (1)-(3) on a tetrahedron by tetrahedron (384 elements) as well as prism by prism (128 subdomains) basis. The six different cases are defined in Table I. For TVFE and TVFE , the particular mesh is too coarse to yield the correct resonant frequency of 4.43 GHz as obtained by Schuster and Luebbers [37] and confirmed by Andersen and Volakis for finer meshes [38] . Nevertheless, the mesh is very useful for evaluating the merits of the various error indicators.
The dynamic range of the differences in resonant frequency between solutions where TVFE and TVFE are applied throughout the computational domain are larger for coarse meshes and hence coarse meshes are better for investigating how well adaptive refinement can aid. This approach can of course only be justified for problems where proper convergence has been ensured by very accurately predicting the correct resonant frequency when using a more accurate approach (finer meshes, higher order TVFEs). As mentioned above, such convergence was observed for this particular antenna.
Real and imaginary parts of the input impedance as a function of frequency are given in Figs. 2 and 3 for each of the four TVFE options for Cases 3 and 4 ( ). Case 3 differs from Case 4 only for the fourth TVFE option. The resonant frequency predicted with TVFE applied throughout the cavity is larger than that when TVFE is applied throughout the cavity. Application of TVFE in the vicinity of the radiating edges only and TVFE elsewhere is seen to predict this shift very well. Most importantly, we observe that adaptive refinement on an element-by-element basis (Case 3) is seen to predict an inaccurate upward shift while adaptive refinement on a subdomain by subdomain basis (Case 4) is seen to predict the upward shift very well. Similar observations were made for Cases 1 and 2 ( ) and Cases 5 and 6 ( ) [39] . ) and Cases 5 and 6 ( ) [39] .
B. Printed Bowtie Antenna
Consider a metallic printed bowtie antenna backed by a rectangular cavity recessed in an infinite metallic ground plane, as illustrated in Fig. 6 (side view) and Fig. 7 (top view) . The cavitybacked patch antenna is situated in free space characterized by the permittivity and the permeability . The cavity dimensions are 48 cm 64 cm 12 cm and the interior metallic cavity walls are covered with an artificial absorber of permittivity , permeability and thickness 4 cm. This absorber layer would not be part of an actual antenna but is merely a well-established computational tool [40] that serves to approximately simulate a metallic printed bowtie antenna situated in free space. Such an antenna is expected to exhibit broad-band behavior in contrast to the narrow-band square patch antenna considered above. Consequently, the printed bowtie antenna can provide a second and independent evaluation of the error indicators presented in Section II. The specific printed bowtie antenna consists of two isosceles triangular patches characterized by their opening angle 67.38 and maximum width 24 cm. The bowtie patches are centered in the cavity aperture and fed by a probe of constant current connecting the two triangular patches.
An antenna very similar to the above was discussed by Collin [41] and is expected to cover the UHF channels 14 to 83 spanning the frequency range [450 MHz, 900 MHz] when used with a 300-feed line. That is, the real and imaginary parts of the input impedance are expected to hover around 300 and 0 , respectively, in this frequency range.
The distance from the antenna to the absorber is 8 cm which translates into at 450 MHz and at 900 MHz. Similarly, the thickness of the absorber is 4 cm which translates into at 450 MHz and at 900 MHz. That the absorber actually works is confirmed by the fact that the behavior of the antenna is significantly altered if the absorber is removed and the metal is exposed. The main purpose of the absorber is to prevent reflections from the bottom of the cavity which would otherwise severely affect the antenna bandwidth. The absorbers covering the side walls are not essential for this purpose, and it was confirmed that results similar to those presented in the following are obtained when the side wall ab- sorbers are removed. The extent of the feed region is 4 cm ( at 450 MHz and at 900 MHz) and, hence, it is reasonable to assume a constant current over the probe in the frequency range of operation. For larger feed regions, a phase variation of the probe current will have to be accounted for. Doing so is trivial within the context of the FE/BI method, but it was deemed unnecessary in this case.
For analysis and evaluation of the proposed error indicators, we discretize the BI surface and the patch into a coarse (56 antenna triangles and 330 BI triangles) and a fine (160 antenna triangles and 1030 BI triangles) mesh. These surface meshes are extruded into the cavity to form three prism layers. Each prism is subsequently broken into three tetrahedra and four different TVFE options are applied for FE/BI analysis: 1) TVFE throughout the cavity for the coarse mesh; 2) TVFE throughout the cavity for the fine mesh; 3) TVFE throughout the cavity for the coarse mesh; and 4) TVFE in conjunction with TVFE in regions found adaptively (20% of the TVFEs are of order 1.5) for the coarse mesh. Supported by the findings for the square metallic patch antenna, the adaptive refinement is carried out for each of the error indicators , , and given by (1)-(3) on a subdomain-by-subdomain basis only with a subdomain being three adjacent prisms extruded from a surface triangle (386 subdomains for the coarse mesh). That is, we opt not to examine adaptive refinement on an element-by-element basis since it did not prove efficient in the previous analysis. The three different cases are defined in Table II .
Real and imaginary parts of the input impedance as a function of frequency are given in Fig. 8 for the first three TVFE options (no adaptivity). Instead of the strongly resonant behavior characterizing cavity-backed patch antennas, we observe the expected slightly oscillatory behavior of the real and imaginary parts. TVFE for the fine mesh and TVFE for the coarse mesh give similar results that are better (real parts closer to 300
and imaginary parts closer to 0 ) than those with TVFE for the coarse mesh. However, although TVFE for the fine mesh and TVFE for the coarse mesh give similar results, the latter approach is more attractive than the former in terms of memory and CPU time requirements.
To demonstrate the merits of adaptive refinement, Fig. 9 again shows the real and imaginary parts of the input impedance as a function of frequency for the coarse mesh with TVFE throughout the cavity. In addition, results are given where we apply TVFE in 80% of the cavity and TVFE in 20% of the cavity found via adaptive refinement using , , and on a subdomain-by-subdomain basis (Cases 7-9). The results are almost indistinguishable expressing that we can accurately predict the behavior of the antenna using TVFE in only 20% of the cavity. This presents a significant memory and CPU time improvement at virtually no cost.
To illustrate the regions of refinement for Case 8, we consider a cross section of the mesh parallel to the antenna with the boundaries of the metallic cavity and antenna marked with thick lines. As mentioned previously, the tetrahedral volume mesh is grown from a triangular surface mesh in a cut in the plane of the bowtie patches by extruding it into three prism layers and breaking each prism into three tetrahedra. Since we consider subdomain-by-subdomain refinement only, 0 or 9 tetrahedra can be refined corresponding to a given triangle in the cross section. In the following, a white/dark gray triangle indicates that 0/9 tetrahedra are being refined. The regions of refinement at 0.7 GHz (close to the center of the frequency band of operation) are shown in Fig. 10 for Case 8. It shows the general trend of predicting the feed area and, to a lesser extent, the corners of the triangular patches as the regions where TVFE is applied. Similar observations were made for Case 7 ( ) and Case 9 ( ) [39] .
C. Linearly Tapered Slot Antennas (TSAs)
Metallic TSAs such as exponentially tapered slot antennas (ETSAs, also called Vivaldi antennas), linearly tapered slot antennas (LTSAs), and constant width slot antennas (CWSAs) are of practical interest as reflector antenna or lens feeds, as elements of broadband antenna arrays or (for larger TSAs) directly as transmit or receive antennas [42] . TSAs are traveling wave antennas (TWAs) of the surface wave type, i.e., a traveling wave propagates along the antenna structure with a phase velocity smaller than the speed of light. Accurate determination of the phase velocity of the traveling wave within the tapered slot is important for accurate prediction of the beamwidth in the -plane and, especially, the -plane of a TSA [43] . This suggests that TSAs can be more accurately characterized by improving the field modeling within the slot. It is the aim of this section to investigate the validity of this hypothesis for TSAs situated in free space. To this end, the TSAs are placed within a metallic cavity whose bottom and side walls are covered with an artificial absorber to simulate a free space surrounding, as discussed in Section III-B. TVFE and TVFE are used in conjunction with a simple adaptive refinement strategy to analyze the impedance and pattern characteristics of a LTSA using the hybrid FE/BI method.
Consider a LTSA uniquely characterized by the height 9.00 cm, the width 1.50 cm 2.55 cm 1.50 cm 5.55 cm, the opening angle 15.2 and the narrowest slot width 0.15 cm, as illustrated in Fig. 11 . The antenna operates at 10 GHz and is fed by a probe of constant current situated at the narrow end of the tapered slot, see Fig. 11 . For FE/BI analysis, the antenna is placed in a rectangular cavity with an open top surface and metallic bottom and side surfaces. The interior metallic cavity walls are covered by an artificial absorber of relative permittivity and permeability and thickness 0.15 cm and the top of the antenna (the wide end of the tapered slot) is aligned with the open boundary of the cavity. The vertical distance from the bottom of the cavity to the bottom of the antenna as well as the parallel and perpendicular horizontal distances from the side walls of the cavity to the antenna are all 1.65 cm.
For analysis of the LTSA, we employ a coarse and a dense tetrahedral volume mesh grown from a coarse and a dense triangular surface mesh in a cut in the plane of the antenna. Each surface mesh is extruded into a number of prism layers (ten for the coarse mesh and fourteen for the dense mesh) and each prism is subsequently broken into three tetrahedra. The coarse mesh has 44 370 elements, 91 269 faces, and 55 621 edges while the dense mesh has 148 638 elements, 303 013 faces, and 182 109 edges. Four different TVFE options are applied for FE/BI analysis: 1) TVFE throughout the coarse mesh; 2) TVFE throughout the dense mesh; 3) TVFE within the coarse mesh in conjunction with TVFE in the four prism layers closest to the metallic antenna (40% of the elements within the mesh), where the dominant fields are expected and accurate field modeling is therefore necessary; and 4) TVFE within the coarse mesh in conjunction with TVFE in regions found adaptively (Cases 10-13). The adaptive refinement is carried out by confining the higher order TVFEs to the two (Cases 10 and 11) or four (Cases 12 and 13) prism layers closest to the metallic antenna. The refinement is then performed with the error indicator (shown previously to be at least as good as or ) on an element by element (Cases 10 and 12) or subdomain-by-subdomain (Cases 11 and 13) basis with 0%, 1%, , 9% of the 44 370 elements in the entire mesh being refined, as defined in Table III . With the refinement confined to the two or four prism layers closest to the metallic antenna, a subdomain is defined as the two or four adjacent prisms extruded from a given surface triangle, respectively. Since the input impedance of an antenna is an extremely sensitive parameter, it is expected to be influenced more than any other through improved field modeling. We therefore expect the different TVFE options to result in different input impedances.
With TVFE applied throughout the coarse mesh, the real part of the input impedance is 77 while the corresponding imaginary part is 78 . The latter value is comparable in magnitude to the real part which is physically unrealistic for a broadband antenna like the LTSA considered here. With TVFE applied throughout the dense mesh, the real part of the input impedance increases to 162 whereas the corresponding imaginary part of 81 is almost unchanged. However, if TVFE is applied within the coarse mesh in conjunction with TVFE in the four prism layers closest to the metallic antenna (40% of the elements), the real part of the input impedance increases to 234 while the corresponding imaginary part of 36 is almost an order of magnitude smaller. The real and imaginary parts of the input impedance for Cases 10-13 are given in Fig. 12 as a function of the percentage of higher order TVFEs used within the computational domain. The addition of just a few percent of higher order TVFEs is seen to have a dramatic influence on the input impedance. It converges very quickly to a real part of around 220-260 and an imaginary part that is significantly smaller. This is very close to the result when 40% of the cavity is modeled with TVFE , i.e., a very small percentage of higher order TVFEs is needed provided these are placed properly. This is true for all the Cases 10-13, i.e., the specific refinement scheme is unimportant for this particular application.
To illustrate the regions of refinement for Cases 12 and 13, we restrict ourselves to 3% refinement. We consider a cross section of the mesh parallel to the antenna with the boundaries of the metallic cavity and antenna marked with thick lines. As mentioned previously, the coarse tetrahedral volume mesh is grown from a coarse triangular surface mesh in a cut in the plane of the antenna by extruding it into ten prism layers and breaking each prism into three tetrahedra. With the refinement constrained to four prism layers around the antenna, anywhere between 0 and 12 tetrahedra can be refined corresponding to a given triangle in the cross section. In the following, a white/light gray/average gray/dark gray triangle indicates that 0/1-4/5-8/9-12 tetrahedra are being refined. The regions of refinement for Cases 12 and 13 (3% refinement) are given in Figs. 13 and 14. For Case 12 ( Fig. 13) , 0-12 elements can be refined and hence white, light gray, average gray or dark gray is used. For Case 13 ( Fig. 14) , 0 or 12 elements can be refined and hence white or dark gray is used. The figures show that the elements around the feed as well as inside and near the interior edges of the tapered slot are being refined. This is fully in agreement with the facts that the antenna works as a TWA and that certain fringing effects can be expected due to the sharp metallic edges. Similar observations were made for Cases 10 and 11 [39] .
Although far-field parameters are generally less susceptible to modeling errors than near-field parameters, it is appropriate to investigate the far-field characteristics of the above LTSA as predicted with the different TVFE options. To this end, we consider -and -plane patterns with TVFE applied throughout the coarse mesh, TVFE applied throughout the dense mesh and TVFE applied within the coarse mesh in conjunction with TVFE in the four prism layers closest to the antenna. The patterns are given in Figs. 15 and 16 with the last pattern normalized to 0 dB at endfire. The need for accurate field modeling within the tapered slot is obvious from these figures as the pattern found with TVFE applied throughout the coarse mesh differs significantly from the two others. The reason is that the inaccurate field modeling within the tapered slot accumulates and leads to aperture fields so approximate that the integration of equivalent aperture currents cannot provide the correct far field patterns. More accurate field modeling via a denser mesh or addition of higher order TVFEs provides more accurate patterns. They are similar although the levels at endfire ( ) and close to grazing are different.
To investigate the merits of adaptive refinement and determine whether 40% higher order TVFEs are really needed, the -and -plane patterns with TVFE applied within the coarse mesh in conjunction with TVFE in the four prism layers closest to the antenna are repeated in Figs. 17 and 18 where also -and -plane patterns for Cases 10-13 with 3% refinement are given (same normalization as above). We observe that Cases 10-13 give almost identical patterns. Discrepancies around the -plane shoulders at 40 -60 can be viewed but overall they are of similar value and shape, i.e., the specific refinement scheme is unimportant for this particular application. More importantly, the patterns for Cases 10-13 with 3% refinement are seen to be very similar to that corresponding to 40% higher order TVFEs, expressing again a need for very few higher order TVFEs for accurate field modeling provided these are placed properly.
IV. CONCLUSION
This paper investigated the merits of various explicit residual methods for a posteriori error indication via adaptive refinement of hybrid FE/BI solutions using the hierarchical mixed-order TVFEs of order 0.5 and 1.5 for tetrahedral elements proposed in [31] . The investigation was carried out for both resonant and broad-band metallic printed antennas. For realistic antenna radiation problems, adaptive use of hierarchical mixed-order TVFEs of order 0.5 and 1.5 is shown to be a very promising approach. Explicit complete, incomplete as well as interface residual methods are all found to be effective. Subdomain-by-subdomain refinement approaches are found to be significantly more accurate than element-by-element refinement approaches.
